We shall consider the representation of numbers as the sum of distinct unit fractions ; in particular we will answer two questions recently raised by Herbert S . Wilf . THEOREM 1 . There exists a sequence S of density zero such that every positive rational is the sum of a finite number of reciprocals of distinct terms of S.
The proof depends on two lemmas . LEMMA 1 . Let r be real, 0 < r < 1 and al, a2, integers defined inductively by 1 a l = smallest integer n, r -->= 0, n 1 1 a 2 = smallest integer n, r ---->_ 0, a, n -
n Then a ;+1>a .(az-1) for each i . Also if r is rational the sequence terminates at some k, that is r= Z%=1 1/ai.
Lemma 1 is due to Sylvester [2] . It provides a canonical representation for each positive real less than 1 which we will call the Sylvester representation .
Presented to the Society January 29, 1962 ; received by the editors January 29, 1962 . Then since Sk's are disjoint, there is a monotonically increasing bijection S: (i, 2, 3, )->Ur 1 Sk which satisfies the demands of Theorem 1 .
In fact S does more than Theorem 1 asserted . It is possible to represent all the positive rationale by sums of reciprocals of terms in the S constructed so that each such reciprocal appears in the representation of precisely one rational . Similar reasoning proves into disjoint finite subsets Si, S2, such that each positive rational is the sum of the elements of precisely one S ;. Theorem 2 remains true if the phrase "each positive rational," is replaced by "each positive integer ." It would be interesting to know the necessary and sufficient condition that a sequence of rationale rl, r 2, r3, • • • corresponds to the sums of a partition of the set of unit fractions into disjoint finite subsets . Er , 1/ak= 1/(a l -1) . By assumption (2) there is h such that nh> 1 .
From the observation we see that for any integer i, an infinite number of terms, we see by Theorem 1 that~nh 1/n, is irrational . Hence so is 1/nk irrational . We will soon strengthen Theorem 1 by Theorem 4 for which we will need LEMMA 3 . The number of integers in (x, 2x) all of whose prime factors are<_xlr 2 is greater than x/10 for x>xo .
PROOF . The number of these integers is at least x-E,, ; (x/pi), where the summation extends over the primes x 112 < p ; < 2x . From the fact that ED<y 1/p=log log y-1-c+o(1) Lemma 3 easily follows . PROOF . Set A (x) 1 . We omit from A all the a ;, 2 1 <=a ; <2k+ 1 for which (1) A(2k+1) -A(2k) < 2k/k 2 .
Thus we obtain a subsequence A' of A, a, <as < • • • . Clearly
En '., 1/an' = oo, since, by (1), the reciprocals of the omitted a's con-' Added in proof. A similar result is to be found in [2 ] . 
Thus from E1/a; _ oo we have (3) and (4) there is an s ;>j i such that
By (5) (6)
Let x be the integer such that 21<d., :-52x+1 ; then x = k$+, for some s >=i (by definition of the d's) . Since, by definition, all the prime factors of dr , ji < -r < qi are less than 2(x+')I2 we have In the next theorem y is Euler's constant .
THEOREM 5 . lim"_ f (n)e n = e y .
PROOF . Define g(n) by
g(n) + 1 Then n-1/i is a rational number less than 1 which we denote a" and which can be expressed in the form distinct unit fractions . Hence Thus g(n) < f(n) < g(n) + Cg (n) log g(n)
lim f(n)/g(n) = 1 . nwith lim n -. e n =0 and lim n ,, a"=0, it follows that g(n) is asymptotic to enlr. This proves Theorem 5 . + an = log g(n) + en + an + ,y
